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Introduction to Queuing 
Theory

What is Queuing Theory?

• Primary methodological framework for 
analyzing network delay

• Often requires simplifying assumptions
since realistic assumptions make 
meaningful analysis extremely difficult

• Provide a basis for adequate delay 
approximation

queue

Packet Delay

• Packet delay is the sum of delays on each 
subnet link traversed by the packet

• Link delay consists of:
– Processing delay
– Queuing delay
– Transmission delay
– Propagation delay
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node

packet delay

link delay

Link Delay Components (1)

• Processing delay
– Delay between the time the packet is correctly 

received at the head node of the link and the 
time the packet is assigned to an outgoing link 
queue for transmission

head node tail node

outgoing link queue

processing delay
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Link Delay Components (2)

• Queuing delay
– Delay between the time the packet is 

assigned to a queue for transmission and the 
time it starts being transmitted

head node tail node

outgoing link queue

queuing delay

Link Delay Components (3)

• Transmission delay
– Delay between the times that the first and last 

bits of the packet are transmitted

head node tail node

outgoing link queue

transmission delay

Link Delay Components (4)

• Propagation delay
– Delay between the time the last bit is 

transmitted at the head node of the link and 
the time the last bit is received at the tail node

head node tail node

outgoing link queue

propagation delay

Queuing System (1)

• Customers (= packets) arrive at random 
times to obtain service

• Service time (= transmission delay) is L/C
– L: Packet length in bits
– C: Link transmission capacity in bits/sec

queue

customer (= packet)
service (= packet transmission)

Queuing System (2)

• Assume that we already know:
– Customer arrival rate
– Customer service rate

• We want to know:
– Average number of customers in the system
– Average delay per customer

customer arrival rate

customer service rate

average delay

average # of customers

Little’s Theorem
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Definition of Symbols (1)

• pn = Steady-state probability of having n
customers in the system

� λ = Arrival rate (inverse of average 
interarrival time)

� μ = Service rate (inverse of average 
service time)

• N = Average number of customers in the 
system

Definition of Symbols (2)

• NQ = Average number of customers 
waiting in queue

• T = Average customer time in the system
• W = Average customer waiting time in 

queue (does not include service time)
• X = Average service time
• X2 = Second moment of service time

Little’s Theorem

• N = Average number of customers
� λ = Arrival rate
• T = Average customer time

N = λT
• Hold for almost every queuing system that 

reaches a steady-state
• Express the natural idea that crowded 

systems (large N) are associated with long 
customer delays (large T) and reversely

Application of Little’s Theorem 
(1)

• NQ = Average # of customers waiting in queue
• W = Average customer waiting time in queue

NQ = λW
• X = Average service time
� ρ = Average # of packets under transmission

ρ = λX
� ρ is called the utilization factor (= the proportion 

of time that the line is busy transmitting a 
packet)

Application of Little’s Theorem 
(2)

� λi = Packet arrival rate at node i
• N = Average total # of packets in the network
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Standard Notation of Queuing 
Systems
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Standard Notation of Queuing 
Systems (1)

X/Y/Z/K
• X indicates the nature of the arrival 

process
– M: Memoryless (= Poisson process, 

exponentially distributed interarrival times)
– G: General distribution of interarrival times
– D: Deterministic interarrival times

Standard Notation of Queuing 
Systems (2)

X/Y/Z/K
• Y indicates the probability distribution of 

the service times
– M: Exponential distribution of service times
– G: General distribution of service times
– D: Deterministic distribution of service times

Standard Notation of Queuing 
Systems (3)

X/Y/Z/K
• Z indicates the number of servers
• K (optional) indicates the limit on the 

number of customers in the system
• Examples:

– M/M/1, M/M/m, M/M/∞, M/M/m/m
– M/G/1, G/G/1
– M/D/1, M/D/1/m

Poisson Process and its 
Properties

Poisson Process

• A stochastic process A(t) (t > 0, A(t) >=0) is 
said to be a Poisson process with rate λ if

1. A(t) is a counting process that represents the 
total number of arrivals in [0, t]

2. The numbers of arrivals that occur in disjoint 
intervals are independent

3. The number of arrivals in any [t, t + τ] is 
Poisson distributed with parameter λτ
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Properties of Poisson Process 
(1)

• Interarrival times τn are independent and 
exponentially distributed with parameter λ

• The mean and variance of interarrival
times τn are 1/λ and 1/λ^2, respectively
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Properties of Poisson Process 
(2)

• For every t >=0 and δ >= 0

• where o(δ) is a function such that

• c.f. 
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Properties of Poisson Process 
(3)

• If two or more independent Poisson process 
A1, ..., Ak are merged into a single process A = 
A1 + A2 + ... + Ak, the process A is Poisson with 
a rate equal to the sum of the rates of its 
components

A1

Ai

Ak

A

independent Poisson processes

Poisson process

mergeλ1
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Properties of Poisson Process 
(4)

• If a Poisson process A is split into two 
other processes A1 and A2 by randomly 
assigning each arrival to A1 or A2, 
processes A1 and A2 are Poisson

A1

A2

A

Poisson processes

Poisson process

split randomly
λ1

λ2

with probability p

with probability (1-p)

M/M/1 Queuing System

M/M/1 Queuing System

• A single queue with a single server
• Customers arrive according to a Poisson 

process with rate λ
• The probability distribution of the service 

time is exponential with mean 1/μ
Poisson arrival 

with arrival rate λ

Exponentially distributed service time
with service rate μ

single server

infinite buffer

M/M/1 Queuing System: Results 
(1)

• Utilization factor (proportion of time the server is 
busy)

• Probability of n customers in the system

• Average number of customers in the system

μ
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M/M/1 Queuing System: Results 
(2)

• Average customer time in the system

• Average number of customers in queue

• Average waiting time in queue
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M/M/1 Queuing System: 
Analysis (1)

• Nk = # of customers in the system at time kδ
• Pij = state transition probability from Ni to Nj

• From previous equations, we have
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M/M/1 Queuing System: 
Analysis (2)

• State transition diagram for the Markov 
chain {Nk} (o(δ) is omitted)
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M/M/1 Queuing System: 
Analysis (3)

• Steady-state probability pn is defined by

• In steady-state, balance equations are satisfied

• By taking the limit             , we have
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M/M/1 Queuing System: 
Analysis (4)

• By letting ρ = λ/μ, we have

• From the definition of pn, 

• Finally, we have
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M/M/1 Queuing System: 
Application (1)

• Assumptions
– m statistically identical and independent 

Poisson packet streams with an arrival rate of 
λ/m are transmitted over a communication 
line

– The packet lengths for all streams are 
independent and exponentially distributed, 
and the average transmission time is 1/μ
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M/M/1 Queuing System: 
Application (2)

• Statistical multiplexing
– The stream are merged into a single Poisson stream 

with rate λ

• Time- and frequency-division multiplexing
– The transmission capacity is divided into m equal 

portions, each of which is M/M/1 queue
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M/M/1 Queuing System: 
Problem

• Customers arrive at a fast-food restaurant as a 
Poisson process with an arrival rate of 5 per min

• Customers wait at a cash register to receive 
their order for an average of 5 minutes

• Service times to customers are independent and 
exponentially distributed

• What is the average service rate at the cash 
register? (Answer: 5.2)

• If the cash register serves 10% faster, what is 
the average waiting time of customers? (Answer: 
1.39min)

M/M/m Queuing System

M/M/m Queuing System

• A single queue with m servers
• Customers arrive according to a Poisson 

process with rate λ
• The probability distribution of the service time is 

exponential with mean 1/μ

Poisson arrival 
with arrival rate λ Exponentially

distributed
service time 
with rate μ

m servers

infinite buffer

1

m

M/M/m Queuing System: 
Results (1)

• Ratio of arrival rate to maximal system service 
rate

• Probability of n customers in the system
μ
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M/M/m Queuing System: 
Results (2)

• Probability that an arriving customer has to wait 
in queue (m customers or more in the system)

• Average waiting time in queue of a customer

• Average number of customers in queue
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M/M/m Queuing System: 
Results (3)

• Average customer time in the system

• Average number of customers in the 
system
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M/M/m Queuing System: 
Problem

• A mail-order company receives calls at a 
Poisson rate of 1 per 2 min

• The duration of the calls is exponentially 
distributed with mean 2 min

• A caller who finds all telephone operators busy 
patiently waits until one becomes available

• The number of operators is 2 on weekdays or 3 
on weekend

• What is the average waiting time of customers in 
queue? (Answer: 0.67min and 0.09min)

M/M/m/m Queuing System

M/M/m/m Queuing System

• A single queue with m servers (buffer size m)
• Customers arrive according to a Poisson 

process with rate λ
• The probability distribution of the service time is 

exponential with mean 1/μ

Poisson arrival 
with arrival rate λ Exponentially

distributed
service time 
with rate μ

m servers

buffer size m

1

m

M/M/m/m Queuing System: 
Results

• Probability of m customers in the system

• Probability that an arriving customer is lost
(Erlang B Formula)
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M/M/m/m Queuing System: 
Problem

• A telephone company establishes a direct 
connection between two cities expecting 
Poisson traffic with rate 0.5 calls/min

• The durations of calls are independent and 
exponentially distributed with mean 2 min

• Interarrival times are independent of call 
durations

• How many circuits should the company provide 
to ensure that an attempted call is blocked with 
probability less than 0.1? (Answer: 3)
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M/G/1 Queuing System

M/G/1 Queuing System

• A single queue with a single server
• Customers arrive according to a Poisson 

process with rate λ
• The mean and second moment of the service 

time are 1/μ and X2

Poisson arrival 
with arrival rate λ

Generally distributed service time
with service rate μ

single server

infinite buffer

M/G/1 Queuing System: Results 
(1)

• Utilization factor

• Mean residual service time
μ
λρ =

2
2XR λ

=

M/G/1 Queuing System: Results

• Pollaczek-Khinchin formula
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Conclusion

• Queuing models provide qualitative insights on 
the performance of computer networks, and 
quantitative predictions of average packet delay

• To obtain tractable queuing models for computer 
networks, it is frequently necessary to make 
simplifying assumptions

• A more accurate alternative is simulation, which, 
however, can be slow, expensive, and lacking in 
insight


